I. INTRODUCTION
The behaviour and properties of atoms in strong magnetic fields is a subject of increasing interest. This is motivated by the astrophysical discovery of strong fields on white dwarfs and neutron stars [1] [2] [3] . On the other hand the competition of the diamagnetic and Coulomb interaction causes a rich variety of complex properties which are, of course, also of interest on their own.
For a long time the investigations in the literature focused on the hydrogen atom (for a list of references see, for example, [4] [5] [6] [7] ). As a result of the corresponding investigations the absorption features of certain magnetic white dwarfs could be understood in detail and a modelling of their atmospheres was possible (see ref. [8] for a review up to 1994 and [9] for more recent references). Detailed spectroscopic calculations were carried out recently for the helium atom in strong magnetic fields [10] . These calculations allow to identify spectra of other, namely helium-rich objects, including the prominent white dwarf GD229 [11] . Recently a number of new magnetic white dwarfs have been found whose spectra are still unexplained (see, e.g., Reimers et al [12] in the course of the Hamburg ESO survey).
Investigations on the electronic structure in the presence of a magnetic field appear to be quite complicated due to the intricate geometry of this quantum prob- 5 T). Both early [13, 14] and more recent works [4, 15] on the hydrogen atom have used different approaches for relatively weak fields (the Coulomb force prevails over the magnetic force) and for very strong fields (the Coulomb force can be considered as weak in comparison with the magnetic forces which is the so-called adiabatic regime). A powerful method to obtain comprehensive results on low-lying energy levels of the hydrogen atom in particular in the intermediate regime is provided by mesh methods [5] . For atoms with several electrons there are two decisive factors which enrich the possible changes in the electronic structure with varying field strength compared to the one-electron system. First we have a third competing interaction which is the electron-electron repulsion and second the differ-ent electrons feel very different Coulomb forces, i.e. possess different one particle energies, and consequently the regime of the intermediate field strengths appears to be the sum of the intermediate regimes for the separate electrons.
Opposite to the hydrogen atom the wavefunctions of the multi-electron atoms change their symmetries with increasing field strength. It is well known that the singlet zero-field ground state of the helium atom (1s 2 in the Hartree-Fock language) is replaced in the high-field regime by the triplet fully spin polarised configuration 1s2p −1 . For atoms with more than two electrons the evolution of the ground state within the whole range of field strengths 0 ≤ γ < +∞ includes multiple intermediate configurations besides the zero-field ground state and the ground state corresponding to the high field limit. In view of the above there is a need for further quantum mechanical investigations and data on atoms with more than two electrons in order to understand their electronic structure in strong magnetic fields. Our calculations allowed us to obtain the first conclusive results on the series of ground state configurations for the Li [16] and C [17] atoms. These results are substantially different from previously published ones [18] . The ground state electronic configurations of the beryllium atom for 0 ≤ γ < +∞ were not investigated so far. A previous work on the beryllium atom [19] focused on problems associated with the symmetries of the Hartree-Fock wavefunction of the low-field ground state 1s 2 2s 2 of this atom. For strong fields the 1s 2 2s 2 state represents a highly excited state and the electronic ground state configuration of Be is, so far, not investigated.
In the current paper we present results of our fully numerical 2D Hartree-Fock mesh calculations of the beryllium atom and Be + ion in magnetic fields and obtain for the first time conclusive results on the structure and energy of the ground state configurations of these systems for arbitrary field strengths.
II. METHOD
The computational method applied in the current work coincides with the method described in our works [5, [19] [20] [21] [22] and applied afterwards in [16, 17, 23, 24] . We solve the electronic Schrödinger equation for the beryllium atom in a magnetic field under the assumption of an infinitely heavy nucleus in the (unrestricted) HartreeFock (HF) approximation. The solution is established in the cylindrical coordinate system (ρ, φ, z) with the z-axis oriented along the magnetic field. We prescribe to each electron a definite value of the magnetic quantum number m µ . Each one-electron wave function Ψ µ depends on the variables φ and (ρ, z)
where µ indicates the numbering of the electrons. The resulting partial differential equations for ψ µ (z, ρ) and the formulae for the Coulomb and exchange potentials have been presented in ref. [21] . These equations as well as the Poisson equations for inter-electronic Coulomb and exchange potentials are solved by means of the fully numerical mesh method described in refs. [5, 21] . The finitedifference solution of the Poisson equations on sets of nodes coinciding with those of the Hartree-Fock equations turns out to be possible due to a special form of uniform meshes used in the present calculations and in refs. [16, 17, 19] . Details and discussion on these meshes are presented in ref. [25] . Our mesh approach is flexible enough to yield precise results for arbitrary field strengths. Some minor decrease of the precision appears for electronic configurations with big differences in the spatial distribution of the electronic density for different electrons. This results in big differences with respect to the spatial extension of the density distribution for different electrons. This situation is more typical for the electronic configurations which do not represent the ground state at the corresponding fields (e.g. 
III. GROUND STATE ELECTRONIC CONFIGURATIONS FOR γ = 0 AND γ → ∞
In this section we provide some helpful qualitative considerations on the problem of the atomic multi-electron ground states particularly in the limit of strong magnetic fields.
For the case γ = 0 the ground state configuration of the beryllium atom can be characterised as 1s 2 2s 2 . This notation has a literal meaning when considering the atom in the framework of the restricted Hartree-Fock approach.
The latter is an approximation of limited quality in describing the beryllium atom as it was shown in many fully correlated calculations both for the field-free Be atom [26, 27] and for its polarizabilities in electric fields [28, 29] . It was pointed out in these works that the Be atom is a strongly correlated system and that the HF ground state wavefunction (i. e. the spherically symmetric 1s 2 2s
2 ) is not a very accurate zeroth-order wavefunction, especially for calculations of electric polarizabilities. This is due to a significant contribution of the 1s 2 2p 2 configuration to the ground state wave function. The latter configuration is evidently a non-spherical one. This fact is in agreement with results of ref. [19] where the fully numerical 2D unrestricted Hartree-Fock approach provides the 2s 2 shell stretched along the z axis even for γ = 0. In terms of spherical functions it is natural to describe this geometry of the 2s 2 shell as a mixture of 2s and 2p 0 functions.
We remark that the s, p, d . . . orbital notation both for γ = 0 and γ = 0 is based on the behaviour of the wave functions in the vicinity of the origin and on the topology of the nodal surfaces, but does not imply any detailed geometry or certain values of the orbital moment l. It is evident that the field-free ground state of the beryllium atom remains the ground state only for relatively weak fields. The set of one-electron wave functions constituting the HF ground state for the opposite case of extremely strong magnetic fields can be determined as follows. The nuclear attraction energies and HF potentials (which determine the motion along z axis) are small for large γ in comparison to the interaction energies with the magnetic field (which determines the motion perpendicular to the magnetic field and is responsible for the Landau zonal structure of the spectrum). Thus, all the one-electron wavefunctions must correspond to the lowest Landau zones, i.e. the magnetic quantum numbers m µ are not postive for all the electrons m µ ≤ 0, and the system must be fully spin-polarised, i.e. s zµ = − for n z > 0 and B → ∞ for n z = 0, where n z is the number of nodal surfaces of the wave function with respect to the z axis. The binding energy of a separate electron has the form
where is the energy of the electron. When considering the case γ → ∞ it is evident, that the wave functions with n z = 0 have to be chosen for the ground state configuration. Furthermore starting with the energetically lowest one particle level the electrons occupy according to the above arguments orbitals with increasing absolute value of the magnetic quantum number m µ . Consequently the ground state of the beryllium atom must be given by the fully spin-polarised configuration 1s2p −1 3d −2 4f −3 . In our notation of the electronic configurations we assume in the following that all paired electrons, like for example the 1s 2 part of a configuration, are of course in a spin up and spin down orbital, respectively, whereas all unpaired electrons possess a negative projection of the spin onto the magnetic field direction. On a qualitative level the configuration 1s2p
is not very different from similar electronic configurations for other atoms (see ref. [24] ). This is a manifestation of the simplification of the picture of atomic properties in the limit γ → ∞ where a linear sequence of electronic configurations replaces the periodic table of elements of the field-free case.
The problem of the configurations of the ground state for the intermediate field region cannot be solved without doing explicit calculations combined with some qualitative considerations in order to extract the relevant configurations.
IV. GROUND STATE ELECTRONIC CONFIGURATIONS FOR ARBITRARY FIELD

STRENGTHS
In order to determine the ground state electronic configurations of the beryllium atom we employ here the strategy introduced in ref. [17] where the carbon atom has been investigated. First of all, we divide the possible ground state configurations into three groups according to their total spin projection S z : the S z = 0 group (lowfield ground state configurations), the intermediate group S z = −1 and the S z = −2 group (the high-field ground state configurations). This grouping is required for the following qualitative considerations which are based on the geometry of the spatial parts of the one-electron wave functions. In the course of this discussion it is expedient to treat local ground states for each S z subset (i.e. the lowest states with a certain S z value) along with the global ground state of the atom as a whole. For each value of the magnetic field strength one of these local ground states is the global ground state of the atom.
According to the general arguments presented in the previous section we know that the ground state configuration of the beryllium atom in the high field limit must be the fully spin-polarised state 1s2p −1 3d −2 4f −3 . The question of the ground state configurations at intermediate fields cannot be solved without performing explicit electronic structure calculations. On the other hand, the a priori set of possible intermediate ground state configurations increases enormously with increasing number of electrons and is rather large already for the beryllium atom. Some qualitative considerations are therefore needed in order to exclude certain configurations as possible ground state configurations thereby reducing the number of candidates for which explicit calculations have to be performed. As mentioned in the previous section the optimal strategy hereby consists of the repeated procedure of determining neighbouring ground state configurations with increasing (or decreasing) magnetic field strength using both qualitative arguments as well as the results of the calculations for concrete configurations. The total energies for the considered states and particularly of those states which become the global ground state of the atom for some regime of the field strength are illustrated in figure 1. In the following paragraphs we describe our sequence of selection procedure and calculations for the candidates of the electronic ground state configurations.
Due to the simplicity of the ground state electronic configurations of atoms in the limit γ → ∞ it is natural to start the consideration for γ = 0 with the high-field ground state and then consider other possible candidates in question for the electronic ground state for S z = −2 (see figure 1) with decreasing field strength. The consideration of the high-field (i.e. the fully spin-polarised) regime was carried out in ref. [24] and for this case (i.e. S z = −2 for beryllium) we repeat this consideration in more detail. In particular, we have found in ref. [24] that the beryllium atom, opposite to the carbon and heavier elements has only one fully spin-polarised ground state configuration.
All the one electron wave functions of the high-field ground state 1s2p −1 3d −2 4f −3 possess no nodal surfaces crossing the z-axis and occupy the energetically lowest orbitals with magnetic quantum numbers ranging from m = 0 down to m = −3. The 4f −3 orbital possesses the smallest binding energy of all orbitals constituting the high-field ground state. Its binding energy decreases rapidly with decreasing field strength. Thus, we can expect that the first crossover of ground state configurations happens due to a change of the 4f −3 orbital into one possessing a higher binding energy at the corresponding lowered field strength. One may think that the first transition while decreasing the magnetic field strength will involve a transition from an orbital possessing n z = 0 to one for n z = 1. The energetically lowest available one particle state with n z = 1 is the 2p 0 orbital. Another possible orbital into which the 4f −3 wave function could evolve is the 2s state. For the hydrogen atom or hydrogen-like ions in a magnetic field the 2p 0 is stronger bound than the 2s orbital. On the other hand, owing to the electron screening in multi-electron atoms in field-free space the 2s orbital tends to be more tightly bound than the 2p 0 orbital. Thus, two states i.e. 1s2p 0 2p −1 3d −2 and 1s2s2p −1 3d −2 are candidates for becoming the ground state in the S z = −2 set when we lower the field strength coming from the high field situation. The numerical calculations show that the first crossover of the S z = −2 subset takes place between the 1s2p −1 3d −2 4f −3 and 1s2p 0 2p −1 3d −2 configurations (figure 1) . On the other hand, the calculations show that even earlier (i.e. at higher magnetic field strengths) the global ground state acquires the total spin S z = −1 due to a crossover of the energy curve of the 1s2p −1 3d −2 4f −3 configuration with that of the configuration 1s
(which is the local ground state for the S z = −1 subset in the high-field limit). For the fields below this point higher magnetic field (γ = 0.957) than E 1s 2 2p02p−1 (γ) crosses E 1s 2 2p−13d−2 (γ). The difference with respect to the order of the local ground state configurations in the subsets S z = −2 and S z = −1 stems from the difference in the magnetic field strengths characteristic for the crossovers in these subsets. At moderate field strengths (S z = −1) the influence of the Coulomb fields of the nucleus and electrons prevails over the influence of the magnetic field and make the energy of the 2s orbital lower than that of the 2p 0 orbital. On the other hand, at stronger fields characteristic for the subset S z = −2 the energies of these orbitals are governed mostly by the magnetic field and, in result, the energy of the 2p 0 orbital becomes lower than the energy of the 2s orbital. From our simple qualitative considerations we can conclude, that the configuration 1s 2 2s2p −1 is the local ground state configuration of the subset S z = −1 for the weak field case, i.e. for γ → 0. Indeed, when we construct such a configuration, the first three electrons go to orbitals 1s and 2s forming the 1s 2 2s configuration with S z = −1/2. The fourth electron must then have the same spin as the 2s orbital electron to obtain the total spin value S z = −1. Thus, the lowest orbital which it can occupy is the 2p −1 . Therefore, there are two local ground state configurations in the subset S z = −1 and they both represent the global ground state for some ranges of the magnetic field strengths.
The necessary considerations for the subset S z = 0 are quite simple. At γ = 0 and, evidently, for very weak fields the ground state of the beryllium atom has the configuration 1s 2 2s 2 . We can expect, that when increasing the magnetic field strength, the next lowest state with S z = 0 will be the 1s 2 2s2p −1 configuration with opposite directions of the spins of the 2s and 2p −1 electrons. But both contributions, the Zeeman spin term and the electronic exchange make the energy of this state higher than the energy of the state 1s 2 2s2p −1 with the parallel orientation of the spins of the 2s and 2p −1 electrons (i.e. S z = −1) considered above. The calculated energies for these states are presented in figure 1 . Thus, the beryllium atom has one ground state electronic configuration 1s 2 2s 2 with the total spin z-projection S z = 0. This state is the global ground state for the magnetic field strengths between γ = 0 and γ = 0.0412. Above this point the ground state configuration is 1s 2 2s2p −1 with
Summarising the results on the ground state configurations of the beryllium atom we can state that depending on the magnetic field strength this atom has four different electronic ground state configurations. For 0 ≤ γ < 0.0412 the ground state configuration coincides with the field-free ground state configuration 1s 
The energy curves which are necessary for this investigation are presented in figure 2 . The subset 
V. SELECTED QUANTITATIVE ASPECTS
In tables III and IV we present the total energies of the four ground state electronic configurations of the beryllium atom and the three ground state electronic configurations of the ion Be + , respectively. These data cover a very broad range of the field strengths from γ = 0 and very weak magnetic fields starting with γ = 0.001 up to extremely strong fields γ = 10000. The latter value of the field strength can be considered as a rough limit of applicability of the non-relativistic quantum equations to the problem (see below). The corresponding data on the Be + ion can be found in tables II and IV.
So far there exist three works which should be mentioned in the context of the problem of the beryllium atom in strong magnetic fields. Ref. [19] deals with the 1s 2 2s 2 state of this atom in fields 0 ≤ γ ≤ 1000 and ref. [24] investigates the ground state energies of atoms with nuclear charge number Z ≤ 10 in the high-field, i.e. fully spin polarised regime. Both these works contain calculations carried out by the method used in the current work and do not represent a basis for comparison. us to draw the conclusion of a relatively low precision of the adiabatic approximation for multi-electron atoms even for relatively high magnetic fields.
In figure 3 we present the ionization energy E ion of the beryllium atom depending on the magnetic field strength. This continuous dependence is divided into six parts corresponding to different pairs of the ground state configurations of the Be atom and Be + ion involved into the ionization energy. The five vertical dotted lines in figure 3 mark the boundaries of these sections. The alteration of the sections of growing and decreasing ionization energy originates from different dependencies of the total energies of the Be and Be + on the magnetic field strength for different pairs of the ground state configurations of these two systems. One can see the sharp decrease of the ionization energy between the crossovers (4) and (5) . This behaviour is due to the fact that E ion is determined in this section by the rapidly decreasing total energy of the state 1s2p −1 3d −2 of the Be + ion (figure 2) and by the energy of the Be atom in the state 1s 2 2p −1 3d −2 which is very weakly dependent on the field strength ( figure  1 ). Another remarkable feature of the curve E ion (γ) is its behaviour in the range of field strengths between the transitions (2) and (3). The ionization energy in this region contains a very shallow maximum and in the whole section it is almost independent on the magnetic field.
Thus, the ionization energy is stationary in this regime of field strengths γ = 0.3 − 0.5 a.u. typical for many magnetic white dwarfs [8] .
The above-discussed properties are based on the behaviour of the total energy of the Be atom and Be + ion.
On the other hand, the behaviour of the wavefunctions and many intrinsic characteristics of atoms in external magnetic fields are associated not with the total energy, but with the binding energies of separate electrons (2) and the total binding energy of the system
where N is the number of electrons. The binding energies of the ground state electronic configurations of Be and Be + depending on the magnetic field strength are presented in figures 4 and 5. These dependencies at very strong magnetic fields may illustrate our considerations of the previous sections. One can see in figure 4 that the high-field ground state 1s2p
is not the most tightly bound state of the beryllium atom. For all the values of the magnetic fields considered in this paper its binding energy is lower than that of states 1s 2 2s2p −1 and 1s 2 2p −1 3d −2 and for γ < 100 it is lower than E B1s 2 2s 2 . The latter circumstance can be easily explained by the fact that the 1s 2 2s 2 configuration contains two tightly bound orbitals 1s whereas the 1s2p −1 3d −2 4f −3 possess only one such orbital. However, with increasing magnetic field strengths the contribution of the group 2p −1 3d −2 4f −3 to the binding energy turns out to be larger than that of the 1s2s 2 group. Analogously we can expect E B1s2p−13d−24f−3 > E B1s 2 2s2p−1 at some very large fields γ > 10000. On the other hand, it is evident that the state 1s2p −1 3d −2 4f −3 must be less bound than 1s 2 2p −1 3d −2 because both these configurations are constructed of orbitals with binding energies, logarithmically increasing as γ → ∞, but the 1s 2 2p −1 3d −2 contains an additional 1s orbital, which is more tightly bound than 4f −3 at arbitrary field strengths. The plot for the Be + ion (figure 5) illustrates the same features and one can see in this figure nearly parallel curves E B1s 2 2p−1 (γ) and E B1s2p−13d−2 (γ) in the strong field regime. Figures 6 and 7 allow us to add some details to the considerations of the previous section. These figures present spatial distributions of the total electronic densities for the ground state configurations of the beryllium atom and its positive ion, respectively. These pictures allow us to gain insights into the geometry of the distribution of the electronic density in space and in par-ticular its dependence on the magnetic quantum number and the total spin. The first pictures in these figures present the distribution of the electronic density for the ground state for γ = 0. The following pictures show the distributions of the electronic densities for values of the field strength which mark the boundaries of the regimes of field strengths belonging to the different ground state configurations. For the high-field ground states we present the distribution of the electronic density at the crossover field strength and at γ = 500. For each configuration the effect of the increasing field strength consists in compressing the electronic distribution towards the z axis. However the crossovers of ground state configurations involve the opposite effect due to the fact that these crossovers are associated with an increase of the total magnetic quantum number M .
In the first rows of figures 6 and 7 one can see a dense core of 1s 2 electrons inside the bold solid line contour and a diffuse distribution of 2s electrons outside this core. The prolate shape of the bold solid line contour in the first plot of the figure 6 (1s 2 2s 2 , γ = 0) reflects the non-spherical distribution of the 2s electrons in our calculations or the admixture of the 1s 2 2p
2 0 configuration to the 1s 2 2s 2 one from the point of view of the multiconfigurational approach [26] [27] [28] [29] . Some additional issues concerning the results presented above have to be discussed. First, our HF results do not include the effects of correlation. To take into account the latter would require a multi-configurational approach which goes beyond the scope of the present paper.
We, however, do not expect that the correlation energy changes our main conclusions like, for example, the fact of the crossovers with respect to the different ground states configurations. With increasing field strength the effective one particle picture should be an increasingly better description of the wave function and the percentage of the correlation energy should therefore decrease (see ref. [23] for an investigation on this subject). Two other important issues are relativistic effects and effects due to the finite nuclear mass. Both these points are basically important for very high magnetic field strengths and they have been discussed in ref. [24] . For the systems Be and Be + and for most of the field strengths considered here these effects result in minor corrections to the energy.
VI. SUMMARY AND CONCLUSIONS
We have applied our 2D mesh Hartree-Fock method to the magnetised neutral beryllium atom and beryllium positive ion. The method is flexible enough to yield precise results for arbitrary field strengths and our calculations for the ground and several excited states are performed for magnetic field strengths ranging from zero up to 2.3505 · 10 9 T (γ = 10000 At γ = 4.567 the last crossover of the ground state configurations takes place and for γ > 4.567 the ground state wavefunction is represented by the high-field-limit fully spin polarised configuration 1s2p
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